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Abstract
We investigate theoretically the thermoelectric and thermal transport properties of graphene under strong magnetic field in the pres-
ence of short-range scatterers. The numerical results are in good agreement with available experimental data for all thermoelectric
quantities except for the Seebeck coefficient near zero chemical potential. This anomaly is attributed to the overestimation of the
longitudinal resistivity. Furthermore, we find an anomalous oscillation in the transverse thermal conductivity at the lowest Landau
level and double peaks in the longitudinal thermal conductivity at higher Landau levels, which are expected to be observed in future
experiments on high mobility graphene samples. An important finding of our work is that the thermoelectric figure of merit ZT can
be as high as 2.4 for a magnetic field under which the chemical potential is pinned to the |n| = 1 Landau level. This finding can
greatly advance the thermoelectric application of graphene.
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1. Introduction
Since the experimental discovery of graphene in 2004 [1],
researching its novel properties has reveled many potential ap-
plications in electronics and photonics, but in a less extent in
its thermoelectrics properties. The electrical and thermal trans-
port properties of graphene can be influenced strongly by the
external conditions, such as the bias, sample geometry, and the
impurity scatterings[2–5]. Especially, the electrical transport
under magnetic field shows a large amount of novel features,
such as the half integer quantum Hall effect[2, 6], metal to in-
sulator transition on the zeroth Landau level (LL) [7] correlated
with additional quantum Hall states due to the split of valley
and spin degeneracies above 10T magnetic field[8–14].
Thermoelectric transport properties have been revealed to be
powerful tools in the study of intrinsic transport mechanisms
in metals and semiconductors, providing complement to the in-
adequacy of conductivity measurements. Recently, a number
of experiments have been carried out to investigate the thermo-
electric properties of graphene. The expected change of sign
of the thermopower is confirmed experimentally when the ma-
jority carriers change from electrons to holes in the absence of
magnetic field[15–21]. When the magnetic field is lower than
10T and still strong enough to quantize the system, the See-
beck coefficient is found to has a sign anomaly in the lowest
LL[15, 17–19]. Several theories have been put forward to ex-
plain these thermoelectric transport properties of graphene[22–
28]. However, many observed thermoelectric properties re-
∗Corresponding author
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mained to be explained. Recent experimental and theoretical
work have shown several different strategies to improve the fig-
ure of merit ZT [29–44]. For graphene under a perpendicular
magnetic field, the confinement of electron motion in cyclotron
orbital effectively reduce the dimensionality of the electronic
states and an enhanced figure of merit is expected.
In this Letter, we present a numerical study of the thermo-
electric and thermal transport properties of graphene with short-
range scattering impurities under strong magnetic field. Our
result of the chemical potential dependence of many thermo-
electric properties is in very good agreement with experimental
observations. The single adjust parameter is the product of im-
purity potential strength and concentration. The only remaining
anomaly is the Seebeck coefficient near zero chemical potential.
Moreover, our study of the longitudinal and transverse thermal
conductivities which are not measured in previous experiments
may motivate further experimental investigations on the physi-
cal origin of the anomaly at the lowest LL. The large values of
the thermoelectric figure of merit ZT at |n| = 1 LL suggest the
potential application of graphene in thermoelectric devices.
2. Formalism
Based on the nearest-neighbor tight-binding model with the
k · p method or with the effective-mass approximation[45–47],
a graphene system with short-range impurity are described by
H = vF(τ0 ⊗ σxπx + τz ⊗ σyπy) + U (r) , (1)
on the basis Ψ =
(
ψAK , ψBK , ψAK′ , −ψBK′
)T
, where T
stands for transpose, π = p + eA is the mechanical momen-
tum (we use the SI units and electron charge is −e (e > 0)),
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Figure 1: Schematic illustration of the system.
vF is the Fermi velocity, and A = (0, Bx, 0) in the Laudau
gauge, U (r) =
∑
i,ζ U
ζ
i (r) with U
ζ
i (r) = (1/2) [τ0 ± (τxcosϕ
ζ
i −
τysinϕ
ζ
i )/2] ⊗ (1 ± σz)uiδ(r − r
ζ
i ) for a short-scatterer presented
at site rζi of sublattice ζ(ζ = A corresponding (+) and B corre-
sponding (−)) and ϕζi = (K′ −K) ·r
ζ
i and ui is the strength of the
impurity, τ0 and σ0 is the identity matrix, τa and σa (a = x, y, z)
are the Pauli matrices for valley degree (K and K′) and sublat-
tice degree (A and B).
We obtain the Landau level basis by solving the Dirac equa-
tions analytically. The eigenstates of the Dirac equation are
found as,
Ψ
ξ
n,ky
(x, y) = CnL−1/2y e
ikyyΦ
ξ
n,ky
(x) , (2)
with Cn = 1 for n = 0 and 1/
√
2 for n , 0,
specified in a set of quantum numbers γ =
(ξ, n, ky) with the eigenvalues ϵn = sgn (n) ~ω
√
|n|,
Φ+n,ky (x) = (−isgn (n) ϕ|n|−1,ky (x) , ϕ|n|,ky (x) , 0, 0)
T , and
Φ−n,ky (x) = (0, 0, ϕ|n|,ky (x) ,−isgn (n) ϕ|n|−1,ky (x))
T , sgn(x)
is the sign function, and ϕ|n|,ky (x) = exp[−(x/lB +
kylB)2/2](2|n| |n|!
√
πlB)−1/2H|n|(x/lB + kylB), where lB =
√
~/eB,
~ω =
√
2~vF/lB, and ξ = ±1 for the K (+) and K′ (−) valleys,
respectively. n is an integer number and Hn (x) is the Hermite
polynomial, ky is the wave vector along y direction.
We assume that the average over random impurity configura-
tions
⟨
u2i
⟩
= u2 and nA = nB = n/2 and nA and nB being num-
bers of scatterers per unit area at site A and site B respectively.
Considering the fact |K′ −K| ≫ ky and after a straightforward
calculations, in the self-consistent Born approximation (SCBA)
the Green function G (ϵ) and self-energy Σ (ϵ) are proved to be
diagonal with respect to the quantum numbers. Therefore, we
have Gγ (ϵ) = [ϵ−ϵγ−Σ (ϵ)]−1 and Σ (ϵ) = V (~ω)2
∑
γ Gγ (ϵ) /2,
where V = nu2/4π(~vF)2 is the dimensionless parameter char-
acterizing the scattering strength and concentration of impuri-
ties.
The system under consideration is schematically shown in
Fig. 1. The charge current jC and heat current jQ induced by
gradient of the electrochemical potential E∗ = −∇(ϕ+ µ/e) and
temperature gradient are given as,
jC = σ · E∗ − α · ∇T, (3)
and
jQ = α′ · E∗ − λ · ∇T, (4)
where σ is the electrical conductivity tensor and α is the ther-
moelectric conductivity tensor and α′ = Tα. The thermal
properties are reflected by the following physical measure-
ments: thermopower tensor S = σ−1 · α, thermal conductivity
tensor κ = λ − α·σ−1·α, and the thermoelectric figure of merit
ZT = σxxS 2xxT/κxx. We calculate the transport coefficients by
zero temperature conductivity σab (0, ϵ) using the relation [48–
50]
Lβηab (T, µ) =
−1
T η
∫
dϵ f ′F (ϵ)
(
ϵ − µ
−e
)β
σab (0, ϵ) , (5)
where σab = L00ab, αab = L
11
ab, λab = L
21
ab (a, b = x, y),
and fF (ϵ) = [1 + exp(ϵ − µ)/(kBT )]−1 is the
Fermi-Dirac distribution. The electrical conductivity
σab (0, ϵ) = σIab (0, ϵ) + σ
II
ab (0, ϵ), with σ
I
ab (0, ϵ) =
gse2~/(4πL2)Tr
⟨
va(G+ −G−)vbG− − vaG+vb(G+ −G−)
⟩
and σIIab (0, ϵ) = gse
2/(4iπL2)Tr
⟨
(rbva − ravb)(G+ −G−)
⟩
,
where G± = G (ϵ ± i0), gs is the degeneracy of spin, L2 is
the area of the system, r and v are the position and velocity
operators, respectively.
3. Numerical results and discussion
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Figure 2: (a)The thermoelectric response function αxx, (c) αxy as a function of
µ with V = 0.02 at different temperatures. (b) αxx, (d) αxy as a function of µ
with different V at fixed temperature T = 10K.
The results for electrical and thermal transport coefficients
with different impurity parameter as functions of the chemical
potential at different temperatures are obtained numerically. We
focus on the transport properties in the vicinity of the Dirac
point in quantum limit, where the distance between LLs is
greater than temperature and impurity broadening. These re-
sults are compared with experimental data and previous theo-
retical results. With only one adjustable parameter representing
the impurity concentration and strength, our results are in good
agreement with experimental results obtained previously. One
exception is the Seebeck coefficients at zero chemical potential.
This anomaly remains unresolved. Up to now, there is limited
experimental result for the thermal conductivity under strong
2
magnetic field. Our results may give a guide for further ex-
periments on the thermoelectrics and thermal conductivities of
graphene.
The thermoelectric conductivities αxx and αxy are shown in
Fig. 2. αxx is symmetric with respect to µ = 0 while αxy is
antisymmetric. Both αxx and αxy vanish when the chemical po-
tential is located between the neighboring LLs. αxy exhibits a
single peak at the center of LLs. αxx exhibits a drastic oscil-
lation and alternates signs at the center of LLs. The behavior
basically reproduces the features observed in experiments [18].
With increasing temperature T or impurity parameter V , both
the oscillation width in αxx and the peak width in αxy around
each LL increase, which is consistent with the LL broadening.
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Figure 3: (a)The Seebeck coefficient S xx, (c) Nernst coefficient S xy as a func-
tion of µ with V = 0.02 at different temperatures. (b) S xx, (d) S xy as a function
of µ with different V at fixed temperature T = 10K.
The Seebeck coefficient S xx and Nernst coefficient S xy are
shown in Fig. 3. S xx is symmetric with respect to µ = 0 while
S xy is antisymmetric. When µ is located between the neighbor-
ing LLs, both S xx and S xy vanish. When µ crosses each non-
zero LL, S xx shows peaks when µ < 0 and dips when µ > 0,
while S xy oscillates. At the n = 0 LL, S xy shows a peak while
S xx shows an oscillation. In this oscillation, S xx shows a dip
for µ > 0, but a peak for µ < 0. But the experimental results
show that around the n = 0 LL S xx has a dip for µ < 0 and
a peak for µ > 0[15, 17, 18]. This discrepancy is related to
the overestimation of longitudinal resistivity at the n = 0 LL,
which also exists in other theoretical results obtained by differ-
ent methods[24, 25]. S xy obtained with our model reproduces
qualitatively the experimental results for the entire chemical po-
tential range[15, 17, 18].
We proceed to analyze thermal conductivities as shown in
Fig. 4. As a function of µ, the thermal conductivity κxx is sym-
metric with respect to µ = 0 while κxy is antisymmetric. When
µ crosses LLs, κxx shows a double-peak structure at higher LLs
(|n| > 0) at low temperature in near clear system as shown in
Fig. 4(b). This phenomena was also predicted in other the-
oretical results[23, 27] where it was shown that the split κxx
produces antiphase oscillations with respect to the electric con-
ductivities and leads to the violation of the Wiedemann-Franz
law L0 = κxx/σxxT where L0 = π2k2B/(3e
2) as the compari-
son between the results from our numerical results and from
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Figure 4: (a) The thermal conductivity κxx, and (c) thermal Hall conductivity
κxy a function of µ with V = 0.02 at different temperatures. (b) κxx, and (d) κxy
as a function of µ with different V at fixed temperature T = 10K. The results
calculated from the Wiedemann-Franz law by σxx are labeled by (WF) in the
legends.
the Wiedmann-Franz law in Fig. 4(b). With increasing tem-
perature, the double peak of κxx smear to a single peak. How-
ever, we find that at low temperature with high impurity, the
Wiedemann-Franz law is preserved as shown in Fig. 4(a) at
T = 5K. When the Fermi energy is between two neighboring
LLs, κxy shows quantum plateaus. Besides, Fig. 4(d) shows
that the quantized plateaus of κxy is robust against impurities.
It seems that the well known Wiedemann-Franz law is satis-
fied at the plateau regions of κxy. As shown in Fig. 4(c) and
(d) at high temperature, κxy changes sign as a function of µ at
the lowest LL which is not shown in the case of zero mag-
netic field[51, 52] and similar phenomena are reported in bi-
layer graphene[53]. Though the thermal conductivity has been
investigated experimentally in the absence of magnetic field
[51, 52], there still lack experimental results of the longitudi-
nal and transverse thermal conductivity under magnetic fields.
Our results of the longitudinal resistivity and the chemical po-
tential dependence of the Seebeck coefficients at the lowest LL
are in good qualitative agreement with experimental results of
high mobility graphene samples [16]. The anomalous oscilla-
tion behavior at the lowest LL and the quantum plateaus of the
transverse thermal conductivity and double peaks of longitudi-
nal thermal conductivity at the higher LL are predicted to be
observed in experimental measurements in clear samples with
high mobility.
Finally, we discuss the thermoelectric figure of merit ZT .
Even though the Landau quantization are not readily emergent
at temperatures in which the domestic thermoelectric refriger-
ation is used, the properties we obtained can be useful in cool-
ing and power generation application at low temperatures. We
show the thermoelectric figure of merit ZT in Fig. 5. The
thermoelectric figure of merit ZT is symmetric with respect to
µ = 0, show peaks at high LLs and double peak at the low-
est LL. Because of the double-peak structure in the longitudi-
nal thermal conductivity and the violation of the Wiedemann-
Franz law, the thermoelectric figure of merit ZT show an obvi-
ous strong peak at the first LL with the order ZT v 1 which
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Figure 5: The thermoelectric figure of merit ZT as a function of µ (a) for dif-
ferent temperature with fixed V = 0.001 and (b) for different V with fixed
temperature T = 20K.
is dramatically improved compared with ZT v 0.01 for mono-
layer graphene ribbons[29]. The thermoelectric figure of merit
ZT reaches 2.4 for V = 0.001 at |n| = 1 Landau level with
T = 20K. This is regarded as superior thermoelectric property
and can significantly expand the thermoelectric application of
graphene[54, 55]. The results suggest that an external strong
magnetic field could be used to effectively enhance the ZT .
4. Conclusion
In summary, we numerically studied the thermal and ther-
moelectric properties of graphene under a quantising magnetic
field and in the presence of short range scatterers. The thermo-
electric conductivity tensor, Seebeck and Nernst coefficients,
thermal conductivities, and the thermoelectric figure of merit
are obtained. Our results agree well with the experimental
data, except for the Seebeck coefficient on the zeroth LL. The
anomaly in Seebeck coefficient has been also reported in pre-
cious theoretical results by different methods and may be re-
lated to the overestimation of the longitudinal resistivity. It im-
plies that the short-range impurity scattering cannot account for
the anomalous Seebeck coefficient at the zeroth LL. Our nu-
merical results of the longitudinal and transverse thermal con-
ductivity, especially the double peak structure of κxx at high
LLs and the anomalous oscillation at the lowest LL and quan-
tum plateaus of κxy should stimulate further experimental study
on the thermal and thermoelectric properties of high mobility
graphene samples. This study is useful to further investigations
in the physical origin of the anomalous transport properties of
graphene at the lowest LL as our results clearly indicate that the
anomaly is not accounted for by the short-range scattering. The
large values of the thermoelectric figure of merit ZT at |n| = 1
Landau level suggest that the potential application of graphene
in thermoelectric devices is huge.
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